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Mixed Finite-Element Method for Composite
Cylinder Subjected to Impact

William E. Bachrach*
Columbia University, New York, New York

and
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Spaulding Fibre, Smyrna, Tennessee

The Hellinger-Reissner variational principle in the time domain is used to formulate a frame-invariant hexa-
hedral element in the natural coordinate system that exhibits high coarse-mesh accuracy for problems involving
bending. A modified Hertzian contact law for a sphere on a cylinder is utilized to compute the contact force on
the cylinder. The Tsai-Wu failure criterion is used to determine if failure has occurred in the element of the
impact region. The element development, low-velocity impact computation, and failure criterion are imple-
mented in an explicit time integration scheme. Results are given for three problems that are used in verifying the
time integration code and to view the failure propagation in the impact region of the cylinder.

I. Introduction

FOR low-velocity impact, the damage of a composite cylin-
der may not be visible until catastrophic failure is about to

occur. Some examples of low-velocity impact problems, could
be an instrument that has dropped on the cylinder during
manufacturing, a forklift colliding with the cylinder, and for-
eign objects or projectiles impacting on the surface of a cylin-
der. In all of these examples, the question "Does sequential
failure exist?" becomes very important in determining if the
impact damage is significant. Sequential failure is the hier-
archy between matrix cracking, delamination, and fiber break-
age. The impact damage may be insignificant if the energy-
absorbing phenomenon is dominant: matrix cracking and/or
delamination. However, if fiber breakage occurs during im-
pact damage, then catastrophic failure could become a reality.
Rather than determining the mechanisms for failure, this pa-
per examines how the failure propagates in the impact region
of the composite cylinder during low-velocity impact, if the
strength and mechanical moduli of the composite material do
not change.

A mixed variational principle is used to formulate three-
dimensional hexahedral elements to model the composite
cylinder experiencing impact damage. For static equilibrium at
the element level, potential energy is minimized, and only the
displacement field can be chosen. Unfortunately, there are
many applications for which these C° isoparametric plane,
axisymmetric, and three-dimensional elements do not approx-
imate very well the exact solution for pure bending, pure shear,
and incompressibility problems using a coarse mesh. To over-
come this difficulty, variational principles have been devel-
oped so that the displacement, strain, and stress fields can be
chosen independently; i.e., the Hu-Washizu variational princi-
ple allows all three fields to be chosen, whereas the Hellinger-
Reissner variational principle allows only the displacement and
the stress fields to be chosen. A discussion of the development
of plane and three-dimensional elements using variational
principles and the rationale for the elements selected are
discussed by Pian,1 Herrmann,2 Mandell et al.,3 Wang et
al.,4 Pian and Sumihara,5 Belytschko and Bachrach,6 and
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Bachrach.7 In structural dynamics, the strain-displacement
governing equations are relaxed in the Hamilton functional
using a Lagrange multiplier technique, and the procedure for
developing the linear system of equations of the finite-element
method is essentially the Hu-Washizu variational principle in
the time domain. For this case, the interest is in capturing the
pure bending phenomena of the cylinder; thus, a lower-order
polynomial is used in approximating the shear stress, with the
linear elastic stress-strain law being exactly satisfied.

A modified Hertzian contact law is used in describing the
geometrical and deformational relationship between the im-
pact of the sphere and the composite cylinder. The contact
force of the sphere on the composite cylinder is computed
using force-deformation and indentation laws for loading and
unloading cycles in conjunction with an iterative method to
solve the nonlinear contact force equation.8"13

For a lumped (diagonal) mass matrix, the linear system of
second-order differential equations can be decoupled using the
central-difference explicit time integration scheme. When the
equations are decoupled, storage of the global stiffness matrix
and equation-solving routines are not necessary. At multiple
time steps, the stresses are computed in the impact region, and
the Tsai-Wu failure criterion is used to determine if damage
has occurred. This criterion can only designate that failure has
occurred, and it is not intended to explain the mechanisms of
failure.

Lee14'15 and Lee et al.16 have presented three-dimensional
finite-element and dynamic analysis for damage accumulation
in the composite and composite laminates subjected to impact
which are pertinent to this work.

In the next section, a mixed variational element is developed
by choosing independent displacement and stress fields using
the Hellinger-Reissner variational principle in the time do-
main, so that the element can better approximate pure bend-
ing. Section III presents the low-velocity impact computation,
and the Tsai-Wu failure criterion is discussed in Sec. IV. The
three ingredients are then implemented into an explicit time
integration algorithm in Sec. V. Section VI presents three ex-
amples, with the first two examples verifying the explicit time
integration and low-velocity impact computation code, and
the last example determining the failure propagation in the
impact region of the composite cylinder.

II. Element Development
The three-dimensional hexahedral element is developed us-

ing the Hellinger-Reissner variational principle (HR) in the
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time domain. This variational principle is composed of the
potential energy functional, kinetic energy, and a relaxed
strain-displacement governing equation, with the stress-strain
equation exactly satisfied. For a single element, this functional
can be written as

w, a) = UPE - TKE - oT(DT ~ l - dfi dt (1)

where UPE is the potential energy functional, TKE the kinetic
energy functional, w the displacement field, a the stress field,
D the matrix of material properties (for a composite laminate
this matrix includes the ply orientation of the lamina), Vs the
symmetric part of the displacement gradient, and the super-
script T designates the transpose of a matrix. The potential
energy functional, the kinetic energy, the stresses, and the sym-
metric part of the displacement gradient are

I
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Fig. 1 Physical and reference plane representation of the hexahedral
element.
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where df = (dxl,dyf,dzl) are the displacements at node /,
ff = (fxi-fyb fzi) are the nodal forces at node /, p is the density
of the material, a comma in the subscript denotes partial
differentiation, and the superscript dot denotes the time
derivatives.

The weak form corresponding to the stationary point of the
UHR functional is

SILHR (u, a) =

(3)

where u must be a C° function, whereas a may be a piecewise
continuous C~l function with discontinuities.

The standard C° isoparametric interpolation for the eight-
node hexahedral element is

(4a)

(4b)

where £/, ry/, and f/ are the coordinates of node / in the refer-
ence plane.

The symmetric part of the displacement gradient is

ux,x
Uy>y

uz>z
ux

uz>x + ux>z

= Bd (5)

The stress field is separated into constant c, bending b, and
shear s components:

f f = [ S C 9 S b , S s ] s = S s

where

ST= [Si, S2

(6a)

(6b)
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The stress interpolants in Eqs. (6c-6e) are described in a
local coordinate system with the physical and reference planes
parallel to each other, as shown in Fig. 1. These interpolants
are composed of linear and bilinear polynomials in the natural
coordinate system, with some of the shear stress interpolants
removed to enhance the accuracy in bending problems using an
optimum number of stress parameters; the shear stress is con-
stant in one plane but linear in the direction perpendicular to
this plane.7-17 For skewed two-dimensional meshes, the plane
element strain and stress fields developed in the natural coordi-
nate system (£,iy,f) were found to be less sensitive to geometric
distortion than their counterpart interpolants defined in the
physical plane.18 Unfortunately, most elements developed by
changing the normal and shear stress fields are not frame
invariant. This problem is overcome by transforming the stress
fields in the reference plane to the physical plane by

*u(x,y,z) = J'k = Ji = S*s (7)

where J is the Jacobian matrix and S * the frame invariant
interpolants. The Jacobian matrices are computed using one-
point integration.5'19

For a frame invariant element, the element mass and stiff-
ness matrices are developed by substituting Eqs. (5-7) into Eq.
(6). The variation of the Hellinger-Reissner functional be-
comes

= ddT (Md + BTs) - dsT(Ds - Bd)

where

M=

(8a)

(8b)
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5=

D= S*TD~1S*
JQ

The stationary conditions are

Ds = Bd

The stress field a and the element stiffness K are

= BTD~1B

(8c)

(8d)

(9a)

(9b)

(10a)

(10b)

force at the next time step:

The element stiffness is a function of the displacement and the
stress fields. An efficient formulation of the element stiffness
is presented by Bachrach et al.18 and Bachrach7 in conjunction
with the 7-pr ejection operator20'21 for plane elements designed
in the natural coordinate system or three-dimensional elements
designed in the physical plane.

In the time domain, the semidiscretized equations of motion
are

Md + (11)

III. Low-Velocity Impact Computation
The Hertzian contact law is a theory of local indentation of

two colliding bodies which leads to an equation for the un-
known contact force. This law is based on the geometrical rela-
tionship between the contact indentation and the deflection of
the colliding bodies. For this application, the indentation is a
function of the sphere impacting on a cylinder,22 and the con-
tact force computation is composed of the interaction between
the Force-Deformation Law and the Indentation Law. These
laws have been used and modified by Sun and Huang,8 Sun,9
Tan and Sun,10 Wu and Chang,11 and Wu and Springer12'13 to
model the impact of a sphere on a variety of composite beams
and plates.

The Force-Deformation Law is the static compression of
two isotropic elastic bodies whose surfaces are assumed to be
smooth. Along the surface of the bodies the shear stresses
must vanish, and the normal stresses acting on the sphere
and the cylinder must balance in the contact area. The Force-
Deformation Law at time N + 1 is

when 0 < a. < aM> where Fis the impact force, k\ a function of
the impact and cylindrical geometry, a the indentation of the
cylinder due to the sphere, and QLM the maximum indentation
corresponding to the maximum contact force. The constant k\
is

' ^U/* ) 1(1/2*..)]

1 -

(13a)

(13b)

(14)

The displacement of the sphere is approximated using the
Wilson 0 method23 and Newton's Second Law of Motion:

l = <h £h - (Af2/6Msph) (F»+ 1 + 2FN] (15)

where Msph is the mass of the sphere.
The displacement of the cylinder is approximated using a

forward finite-difference approximation:

& + (A/2/2) w& (16)

Substituting Eqs. (15) and (16) into Eqs. (12) and (14), the
Force-Deformation Law becomes

Af w£h - (Af 2/6Msph)[F"+ 1 - 2FN]

(17)

The contact force is computed using an iterative method to
solve the nonlinear equation.

The unloading cycle is

The permanent indentation aQ is

- — 1 when oiM '••

0:0 = 0 when oiM < «c

(18)

(19a)

(19b)

where acr is the critical indentation of the material. Again, the
contact force in the unloading cycle is computed using an
iterative method.

IV. Failure Criteria
Many different failure criteria could be used in analyzing the

ply failures in the composite cylinder, and these criteria are
discussed by Hashin,24'25 and Reddy and Pandey.26 The latter
reference concluded for in-plane loading that all failure crite-
ria derived from the general tensor polynomial form are equiv-
alent. However, for transverse loading, the Tsai-Hill and max-
imum strain criterion gave locations for failure different from
the others. Since this case study is concerned with the question
"How does the failure propagate in an ideal model?", the
three-dimensional Tsai-Wu failure criteria is used to analyze
the ply failure in the composite cylinder:

1 (20)

The scalar constants are

F» =

where the subscripts sph and cyl are abbreviations for the
sphere and cylinder, R is the radius, v Poisson's ratio, JEsph
Young's modulus of the sphere, and, for a composite material,
Ecy\ the transverse modulus normal to the fiber direction of the
uppermost composite layer. Note that the term l/Ecy\ in Eq.
(13b) is different from the original Hertzian contact law.

The indentation law is the difference between the displace-
ment of the sphere and the cylinder parallel to the contact

1 1

"13 =
1 1

(21)
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where XT/C are the longitudinal tensile and compressive
strengths, YT/C and ZT/C the transverse tensile and compressive
strengths, and R, S, and 7"the shear strengths in the xy, yz, and
xz planes, respectively. The constants F4_6 are zero, since the
shear strength is the same for both positive and negative shear
stress, and it is assumed that there is no interaction between the
shear and normal stresses.

Since the stresses in the failure criteria are defined in the
material direction (fiber direction), the stresses must be trans-
formed from the physical plane to the material plane.

V. Explicit Time Integration Algorithm
The semidiscretized equations of motion for each element at

time step N is

(22)

The central-difference time integration schemes for acceler-
ation and velocity with the time step At constant are

(23a)

(23b)

At
1/2 _

The displacements are obtained by substituting Eq. (23a) into
Eq. (22):

l(fN-KdN) + 2dN-dN~l (24)

The new displacements are computed without solving any sys-
tem of linear equations. The continuous mass matrix is ap-
proximated as a lumped mass matrix

(25)= p\ dfl

where <5 is the Kronecker delta function.
The explicit time integration scheme is only conditionally

stable, and the stability limits the time step in linear systems to

At < (2/Xmax) = A/stab (26)

where Xmax is the maximum eigenvalue of the system. The
maximum eigenvalue of the system is bounded by the maxi-
mum eigenvalue of the element, Xmax < X^ax-

The implementation of this explicit time integration al-
gorithm for this application is presented in Table 1.

VI. Examples
Three examples are presented: 1) steel sphere impacting on

a steel clamped plate (Karas27), 2) steel sphere impacting on a
graphite-epoxy clamped and simply supported plate (Sun
and Chen,28 Wu,29 and Wu and Chang11), and 3) steel sphere
impacting on a CFRP HIM6 epoxy cylinder (Lloyd and
Knight30).

The first two examples are used to check if the explicit time
integration and low-velocity impact algorithms are imple-
mented correctly. The last example determines the failure
propagation in the impact region of the composite cylinder.
All three examples use the contact force vs time plot as the
checkpoint for evaluation; the impactor is a steel sphere mod-
eled as a rigid body, and the computer program is executed on
a Cray-XMP/48.

Steel Sphere Impacting on a Steel Clamped Plate
The characteristics of the plate are length is 7.874 in., width

is 7.874 in., thickness is 0.315 in., Young's modulus is 30.0
E + 06 psi, Poisson's ratio is 0.30, and density is 0.282 Ibm/
in.3.

___ Table 1 Explicit time integration algorithm _______

Assume that the time step for the cylinder has already been com-
puted.

1) At time = 0.0, set the initial conditions:
d°,d1/2

9N = 0
2) Update the displacements:

3) Compute the internal forces of the model by looping through all
of the elements in the mesh. The development shown below is not
computationally efficient, the element stiffness being computed
and assembled at time step N = 0. A more efficient algorithm is
to implement a pattern recognition procedure for the elements in
the model; only the different element stiffnesses in the model are
computed during the first time step, and only the upper half of
these matrices are stored. Depending on the application, the
stresses are computed at a time-step multiple (7VMULT*AO in
the impact region to check for failure within that element.
Loop through the number of elements.

a) For time step N = 0:
i) Assemble and store B and D~ 1.

ii) Store the upper half of the stiffness matrix:

iii) Compute the internal force at TV -I- 1 :
fint,N + 1 _ iffiN ' + 1

b) For 7V>0 and TV * 7VMULT*A/, where AHVIULT is de-
fined by the user, the internal force is computed using the
above equation.

c) For N = NM\JLT*At, the stresses in the impact region are
computed.

Loop through the number of Gaussian integration points.
i) Compute the stress at each Gauss point _(£c> yc, and

to) of a(x,y,z) = S*(£G, rjG, te)D~lBdN

ii) Check if failure has occurred by substituting these
stress values into the Tsai-Wu failure criterion. In
this paper, only the initial failure occurring in the
region of impact will be analyzed, and the failure
propagation will be determined.

4) Compute the external forces fN + { for loading or unloading us-
ing the modified Hertzian contact law outlined in Sec. III.

5) Solve for the accelerations:
dN+l=M~l(fN+l-KdN+l)

6) N*-N + 1.

7) Update the velocities:
jN+l/2 = £t2NjN-l/2

8) Go to step 2. ______________________________

One quadrant of the clamped plate is modeled with four
elements in the x, y, and z directions, as shown in Fig. 2.
The plate is clamped at the edges x = y = 0, and the other
two edges are constrained to represent symmetry about
x = y = 3.937 in. The steel sphere impacts at the center of the
clamped plate as a point load with a velocity of 39.37 in./s and
a radius of 0.3937 in.

The contact force vs time plot is shown in Fig. 3. The ampli-
tude and the phase of this curve are similar to the results
obtained by Wu and Chang.11 They used a different element
(an eight-node isoparametric hexahedral element with incom-
patible modes) and an implicit time integration scheme. For a
static, point-loaded, clamped-plate problem, the mixed varia-
tional element used here and the eight-node isoparametric hex-
ahedral incompatible element compute very accurately the dis-
placement at the center of the clamped plate.

Steel Sphere Impacting on a Graphite-Epoxy Clamped Plate
The plate is a 10-plied [0/90/0/90/0 deg]5 laminate, and

the characteristics of the plate are length is 7.874 in., width is
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Fig. 2 The nonuniform mesh of one quadrant of the clamped plate.

320.

' 0. 10. 20. 30. 40. 50. 60. 70. 80.

TIME (/zsec)
Fig. 3 Contact force for a steel sphere impacting on a steel clamped
plate.

7.874 in., thickness is 0.106 in., ^(fiber modulus) is 17.5
£" + 06 psi, E2 (transverse modulus) is 1.15 £ + 06 psi,
vn is 0.30, i>23 is 0.30, Gn = G23 = G31 is 0.80 E + 06 psi,
density is 0.0571 lbm/in.3, and critical indentation (o;cr) is
0.00316 in. The same mesh used in the first example is used
here, except that each ply group is modeled with one layer of
three-dimensional elements. The steel sphere impacts at the
center of the clamped plate as a point load with a velocity of
118.0 in./s and a radius of 0.25 in.

The contact force vs time curve for both boundary condi-
tions is shown in Fig. 4. The maximum contact force and the
duration of impact for the simply supported plate are approx-
imately 15 and 33% larger than the results by Chen and Sun.28

However, as in the previous example, the contact force profile
force checked almost exactly with the results obtained by
Wu,29 except that by using the explicit time integration scheme
a less filtered profile was computed.

The maximum contact force for both the clamped and sim-
ply supported plate problems is very similar, but the phase of
the unloading cycle for the simply supported plate is longer.
This is attributed to the simply supported plate being more
flexible. For both types of boundary conditions, failure prop-
agation in the layers of the composite plate during the loading

0. 20. 40. 60. 80. 100. 120. HO. 160.

TIME (/zsec)
Fig. 4 Contact force for a steel sphere impacting on a graphite-epoxy
plate.

Fig. 5
layer.

The nonuniform mesh of the quarter-cylinder's outer hoop

cycle will be very similar. Similar results were obtained by Wu
and Chang.11

Steel Sphere Impacting on a CFRP HIM6 Epoxy Cylinder
The cylinder is a five-plied external hoop design [X,X,Q^

laminate, and each ply group is modeled with one layer of
three-dimensional elements: X = polar layer, and 0 = hoop
layer. The 5.75-in.-diam composite cylinder has a cylindrical
membrane length-to-diameter ratio of 0.70, and the cylindrical
thickness ranges from 0.070-0.080 in. The nonuniform mesh
of the outer hoop layer of the quarter-cylinder is shown in Fig.
5. The thickness is exaggerated, and symmetry conditions are
applied along all of the edges except at the edge perpendicular
to the yz plane and located at x = cylindrical membrane
length.

The material characteristics of CFRP HIM6 epoxy for the
cylinder are E\ (fiber modulus) is 29.4 E + 06 psi, E2 (trans-
verse modulus) is 1.624 E + 06 psi, i>12 is 0.32, *>23 is 0.32,
G12 = G23 = G3i is 1.22 E + 06 psi, density is 0.0578 lbm/in.3,
critical indentation (acr) is 0.00316 in., longitudinal tensile and
compressive strength is 507.6/223.4 E + 03 psi, transverse ten-
sile and compressive strength is 8.122/21.76 E + 03 psi, and
shear strength is 14.21 E + 03 psi.

For this example, the indentor is modified to be a sphere.
The radius stays the same, but the velocity is adjusted so that
a shorter duration of impact and a larger maximum contact
force are obtained. The steel sphere impacts at the center of the
cylinder as a point load with a velocity of 1506.0 in./s and a
radius of 0.25 in.
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90. 4

°'0. 20. 40. 60. 80. 100. 120. HO. 160. 180. 200. 220.
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Fig. 6 Contact force of the steel sphere impacting on a CFRP HIM6
epoxy cylinder.

54.00 58.50 63.00

Fig. 7 Failure propagation in the outer hoop layer and along the
thickness of the cylinder in the impact region (time * 10 ~ 6 s).

The impact region is defined by the radius of the sphere, and
in this example the impact region is modeled by 5 x 5, 10 x 10,
and 15 x 15 elements in the xy plane. The 15 x 15 impact
region mesh refinement had a computer program execution of
approximately 5000 s on the Cray XMP/48. The contact force
vs time curves in Fig. 6 for the different impact region mesh
refinements are very similar, with the 5 x 5 mesh refinement
being the most conservative estimate for failure in an element.

c) d)
Fig. 8 Failure propagation in the outer negative: a) outer positive, b)
inner negative, c) inner positive, and d) plies in the impact region of
the composite cylinder (time * 10 ~ 6 s).

The failure propagation for specific time intervals in the
5 x 5 mesh refinement of the impact region is presented in
Figs. 7 and 8. The thickness of the composite cylinder is exag-
gerated to the membrane length, so that failure propagation
can be easily seen. Initially, the failure propagation starts in
the outer hoop plies and extends into the inner polar layers. As
the duration of the contact force increases, the failure propa-
gates along the outer hoop ply fibers, along the top negative
inner polar layer fibers, and along the positive-negative-
positive polar layer fibers in the positive polar layer fiber direc-
tion. The latter phenomena might be a result of the cylindri-
cal response to the spherical impact and the geometry of the
cylinder.

Further examination of the Tsai-Wu failure criteria showed
that the failure propagation can be attributed to both the
normal stresses in the transverse direction and the shear
stresses being dominant. This phenomenon could lead to both
matrix cracking and delamination in the composite cylinder
which Lloyd and Knight30 had observed in their experimental
results.

VII. Concluding Remarks
A mixed finite-element method has been presented which

can be used in examination of the failure propagation in the
impact region of the composite cylinder subjected to low-
velocity impact. The results obtained with the two-dimensional
clamped and simply supported plate problems compared well
with the results given by other methods. In extending this
method to three dimensions, a failure criterion was used to
analyze the failure propagation in the impact region of the
composite cylinder due to a low-velocity impact. The results
showed that the failure propagated from the outer-hoop ply
fibers and into the inner-hoop polar layers. As the duration of
contact increased, the inner polar layers failed, and the failure
propagated from the inward polar layers to the outer hoop
layers. Further study could include the degrading of the matrix
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moduli and the modeling of the delamination modes so that a
real-time computational model might be achieved.
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